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Hanoi University of Technology 
Abstract. The use of orthotropic plates is common in all the fields of structural en-
gineering: civil, traffic, aerospace and naval. In this paper the transverse vibration of 
orthotropic rectangular plates under moving bodies is investigated. The method of sub-
structures is used to derive transverse vibration equations of an orthotropic rectangular 
plate under the action of moving bodies. For the calculation of dynamic response of 
orthotropic rectangular plate we use Ritz method and numerical integration method. 
1. INTRODUCTION 
An orthotropic plate is defined as one, which has different elastic properties in two 
orthogonal directions. Many types of bridges, such as solid or voided slab decks and beam 
and slab decks, can be modeled as orthotropic plates. The evaluation of structure- borne 
noise of a highway or railway bridge can also be considered as an orthotropic plate with 
moving bodies. However, little work on this area has been done probably because of the 
difficulty and the plethora of factors and uncertainties involved [1, 2, 3, 5, 8, 9]. 
The calculating eigenfrequencies of orthotropic plates have been studied in [3, 4, 5, 
6]. The dynamical analysis of an orthotropic plate under the action of moving forces has 
attracted in [7, 8, 9]. The method of substructures and the Ritz method have been used for 
calculating transverse vibrations of a continuous beam on rigid and elastic supports under 
the action of moving bodies [10, 11, 12]. In this work, we use the method of substructures to 
derive transverse vibration equations of an orthotropic rectangular plate under the action 
of moving bodies. The Ritz method is used to analyze the obtained vibration equations. 
2. DERIVATION OF VIBRATION EQUATIONS USING 
THE METHOD OF SUBSTRUCTURES 
Consider an orthotropic rectangular plate under moving bodies (Fig. 1). The i-th 
body (i = 1, .. , N) consists of the mass mi attached to the spring system with rigidity ki 
and damping di directly proportional to the velocity. The i-th body moves with the velocity 
Vi and is subjected to the action of a force Gi sin(Oit + /i) caused by an unbalanced mass, 
which rotates with angular velocity o;. Where Gi is the amplitude of the force. 
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G; sin( n;t + y;) 





Fig. 1. Vibration model of an orthotropic rectangular plate under moving bodies 
Using the method of substructures to derive vibration equations of the plate and 
the bodies, we divide the system into N + 1 substructures: plate an N bodies (Fig. 2). In 
there Zi is the absolute coordinate of the i-th body in the vertical direction. The position 
of the i-th body can be determined by the relation (1) 
~i = 0 when t <Ti, ~i = vi(t - Ti), when t ~Ti, TJi =bi= canst. (1) 
Where Ti denotes the time when the i-th body starts moving along the straight line T/i =bi 
of plate with the constant velocity Vi· Additionally, it is supposed that during the motion, 
the i-th body is not separated from the plate and its velocity Vi satisfies the condition of 
The pressured load p(x, y, t) of bodies on the piate is determined by the following form: 
x 
y 
Fig. 2. Substructures 
N 
p(x, y, t) = L Li(t) [mig + Gi sin(Oit + /i) - miii] 8(x - ~i)8(y - TJi)· (2) 
i=l 
In equation (2) we use the Dirac - functions 8(x - ~i), 8(y- TJi) and the logic signal 
- function Li(t), which are determined by the following relations 
{ 
1 when Ti :S t :S Ti + Ti 
Li(t) = 0 h T w en t < Ti or t > i + Ti (3) 
with Ti= a/vi 
and 8 (x - xo) = lim Oro (x - xo) 
ro--->O 
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with 
when Ix-.,.- xol > c 8,(x - xo) = { a~ when Ix - xol ~ c (4) 
An orthotropic material is characterized by the fact that the mechanical elastic 
properties have two perpendicular planes of symmetry. Due to this condition only four 
elastic constant are independent, namely Ex, Ey, Gxy, Vx or Vy. The coefficients Vx, Vy can 
be determined using the equation 
By introducing the parameters 
D _ Exh3 . D _ Eyh3 . 
x - 12(1 - l/;1;1/y)' y - 12(1 - VxVy)' 
D _ Gxyh3 
xy - 12 ' 
(5) 
(6) 
whereEx, Ey, /x, /y and Gxy are material constants of an orthotropic plate and h is the 
thickness of the plate, and making use of the hypotheses of Lore - Kirchoff, that neglect 
the effect of the shear forces and the rotational inertia, the equation of the motion of the 







w a [ a4w a4w a4w] 




w aw) + ph at2 + {38t = p(x, y, t), 
where pis the plate density, w is the out-of-plane displacement and 
Dk = Dyvx + 2Dxy· 
If we use the operator L which is defined by 
a4 a4 a4 
L = Dx ax4 + 2Dk ax2ay2 + Dy ay4' 
then equation (7) has the following form 
aLw(x, y, t) (a2w aw) · 
Lw(x, y, t) +a at + ph at2 + {38t = p(x, y, t), 
where a and (3 are damping constants. 





Li(t) [mizi + diii + kizi] = Li(t) [mig + Gi sin(Oit +Ii)+ dtw(~i , 'f/i , t) + kiw(~i, rJi, t)] . 
(11) 
The boundary conditions can be expressed in the form 
x=O 
y=O 
or x = a : w = 0 and M x = 0 
2 aMxy + aMy or y = b : My = 0 and 
a x ay 
where M x, My and M xy are stress couples. 
(12) 
(13) 
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3. CALCULATING DYNAMIC RESPONSE BY RITZ METHOD 
Using the mode superposition principle, a solution of equations (7) and (11) with 
the boundary conditions (12) and (13) is assumed in the form 
n m 
w(x, y, t) =LL Wri(x, y)qri(t). (14) 
r=l i=l 
In which qri(t)(r = 1, ... ,n; i = 1, ... ,m) are generalized coordinates to be deter-
mined, Wri(x, y) are eigenfunctions. 
By substituting the relation (14) into equation (7) we obtain 
n m 
LL ph [iiri(t) + (f3 + o:w;i) Qri(t) + w;iqri(t)] Wri(X, y) = p(x, y, t). (15) 
r=l i=l 
Multiplying equation (15) by eigenfunctions Wsj(X, y)(s = 1, ... , n; j = 1, ... , m) 
and then integrating from 0 to a for x and from 0 to b for y, and using the orthogonally 
condition of eigenfunctions we obtain the ordinary differential equations 
iisj(t) + (f3 + o:w;j) Qsj(t) + w;jqsj(t) = plh fsj(t); (s = 1, ... , n; j = 1, ... , m) (16) 
in which 
ff p(x, y, t)Wsj(x , y)dxdy 
fsj(t) = A ff W1j(x,y)dxdy 
A 
From the relation (14) we can calculate the partial derivation 
n m 
w(~i, 'T/i, t) =LL Wrj(~i, 'f/i)qrj(t) , 
r=lj=l 
. ( ) ~ ~ [ ( ) . ( ) 8Wrj(~i , 'f/i) 8Wrj(~i, 'f/i) . ] 
W ~i' 'f/i, i = L.,, L.,, Wrj ~i, 'f/i qrj i + 0~ Vi+ 0 . 'f/i · r=l j=l i 'f/i 
Substituting the relations (18) and (19) into equation (11) we have 





+Li(t)di L L Wrj(~i, 'r/i)Qrj(t) 
r=l j=l (20) 
+Li(t) £:~[di ( 0 w7Jk:; ,ry;)vi + awra~:; , ry; )ili) + Wrj(~i,'f/i)] qrj(t). 
r=l J=l 
If we introduce the new vector 
y(t) = [ q1(t) q2(t) . . . qmxn(t) z1(t) z2(t) . . . ZN(t) J T 
then differential equations (16) and (20) can be written in the following matrix form 
y = B(t)y + C(t) y + f(t). (21) 
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The Runge - Kutta method is used for calculating the solutions of the ordinary 
differential equation (21). Based on this algorithm, a computer program for calculating 
transverse vibrations of orthotropic rectangular plates under moving bodies is created 
using C++ language at the Hanoi University of Technology. 
4. EXAMPLE 





Fig. 3. Model of an orthotropic rectangular plate 
Table 1. The data for calculating 
a= 20m mi =2160 kg m3=5040 kg 
b = llm k1 =364500 N/m k3=850500 N/m 
h = 0.43m d1 =4200 Ns/m d3 =9800 Ns/m 
p= 2300 kg/m3 v1=6.9444 m/s v3 =6.9444 m/s 
Ex=116.295*109 N/m2 Y1 =Sm y3 =Sm 
Ey = 2.1*109 N/m2 Ti= Os T3 = 0.49s 
Gxy=32.542*108 N/m2 G1=0N G3 =ON 
l/x = 0.33 m2=2160 kg m4=5040 kg 
a= Os k2 =364500 N /m k4=850500 N/m 
/3 = os-1 d2 =4200 Ns/m d4 =9800 Ns/m 
g = 9.Sm/s2 v2 =6. 9444 m/s V4 =6. 9444 m/s 
n =4; Y2 = 6.5m Y4 = 6.5m 
m=4; T2 = O.s T4 = 0.49s 
G2 =ON G4 = ON 
The data used for calculating this model are given in table 1. Computational results 






r "' 2300.000 kg/m3 
Ex : 167295000000 N/m1 
Ey ::: 2100000000 N/m1 
Gxy: 3251200000 N/m1 
')'X = 0.330 
'l'Y = 0.001 
n = 1 
m = 1 
BTG:: 10000 




1.J[max] : 3. 029 mm 
)(-Position: 9.700 m 
Y-Position: 7 . 600 m 
Time Point: 5000 
dl.J : 1.000 mm 
dX : 1.250 m 
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DEFLECTIOtt AT THE SECTION ALONG THE X-AXIS 
Fig. 4. Deflection at a section along the x - axis (y =7.6 m, at t = 0.186 s) 
DATA 
20. 000 m 
11.000 m 
0.130 m 
23QQ. QQQ J:: Q/M3 
Ex : 167295000000 N/m' 
Ey = . 2100000000 N/m1 
Gxy= 3251200000 N/m1 
0. 330 
'YY = 0.001 
n "' 1 
m = 1 
BTG= 10000 
RESULT 
0. 000 s 
0.000 l/S 
9.800 
.,-x{maxl : 3126923.119 N/m1 
X-Position: 9.150 m 
Y-Position: 7 .600 m 
Time Point: 5000 
d.,-x : 1000000.000 N/m1 
dX : 1.250 m 
STRESS vx AT THE SECTION ALONG THE X-AXIS 
~~ ············································7······························ ·····~···~·························· 
X(M). 
!IJ"X(N/M:l) 
Fig. 5. Stress O"x at a section along the x - axis (y =7.6 m, at t 0.186 s) 
5. CONCLUSIONS 
In this article, the transverse vibration of orthotropic rectangular plates under the 
action of moving bodies is addressed. The following concluding remarks have been reached. 
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DATA 
20.000 m 
b = 11. 000 m 
h = 0.130 m 
f = 2300.000 kg/m3 
Ex :: 167295000000 N/m1 
Ey = 2100000000 N/m1 
Gxy= 3251200000 N/m1 
0.330 
'TY = O.OO"t 
0.000 s 
0.000 l/S 
g :: 9.800 
n "" i 
m = 1 
BTG= 10000 
RESULT 
4'"y(maxJ : H2780.981 N/m1 
X-Position: 9.100 m 
¥-Position: 7.600 m 
Time Point : 5000 
d4'"y : 100000.000 N/m1 
dX : 1.250 m 
STRESS Cl'"Y AT THE SECTION ALOHG THE X-AXIS 
V(M)/·--------------------------------------------------7 L~·~ ·y 
Fig. 6. Stress a-y at a section along the x - axis (y =7.6 m, at t = 0.186 s) 
DATA 
20.000 m 
b = 11.000 m 
h = 0. 130 m 
f = 2300.000 i.:.~vm3 
Ex = 167295000000 N/m2 
Ey = 2100000000 N/m1 
Gxy= 325i200000 N/ m1 
0.330 
'TY = 0.001 
0.000 s 
Q,QQQ l / S 
g = 9.800 
n = i 
m = 1 
BTG= 10000 
RESULT 
Txy[max] : 626'1.512 N/m1 
X-Positi on: 20.000 m 
Y-Positi om 7 .600 m 
Time Poim: 5000 
dTx y : 10000.000 N/ m1 
dX : 1.250 m 
STRESS Txy AT THE SECTION ALONG THE X-AXIS 
Fig. 7. Stress Txy at a section along the x - axis (y = 7.6 m, at t = 0.186 s) 
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The system of a partial differential equation and ordinary differential equations 
which describes the transverse vibration of orthotropic rectangular plate under moving 
bodies is established by the method of substructures. 
The dynamic response of an orthotropic rectangular plate under the action of moving 
bodies has been invest igated, both analytically and numerically. 






Ex = 167295000000 N/m1 
Ey = 2100000000 N/m• 
Gxy::: 3251200000 N/m• 
'YX = 0. 330 
'l'Y ::: 0.001 
n = 1 




0.000 l /S 
9.800 
l.l(maxJ : 3.108 mM 
X-PosiHon: 10.000 m 
Y-PosiHon: 7.600 m 
Time point: 5521 
dLJ : l.QQO JllM 
dt : 0.337 s 
DI S PLACEHENT AT THE POS IT I ON 
!ioi(MM) 






Ex = 167295000000 N/rn• 
Ey = 2100000000 N/rn1 
Gxy= 325i200000 N/m• 
'YX = 0.330 
'l'Y = O.OO't 
n ::: 1 




0. 000 l/S 
9.800 
d°X[max] : 3162981.819 N.1m1 
X-Position: 10.000 m 
Y-Position: 7.600 111 
Time point: 5518 
dd°X : 1000000.000 N/M2 
dt : 0.337 s 
STRESS en< AT THE POSITION 
~x<H/,..:t > 
Fig. 9. Stress O"x at the position x=lO m, y = 7.6 m 
t <s>. 
t<s> 
An algorithm and a computer program for the numerical calculation of transverse 
vibrations of orthotropic rectangular plates under moving bodies have been developed 
using c++ language. 






Ex = 167295000000 N/m1 
Ey = 2100000000 N/m• 
Gxy= 325i200000 N/m1 
0.330 
'YY = 0.00-t 
n = i 




0.000 l /S 
9.800 
.sy[maxJ : 1H295.12i N/m1 
X-Position: 10.000 m 
Y-Position: 7.600 m 
Time point: 5121 
d6y : 100000.000 N/m1 
dt : 0.337 s 
STRESS o-y AT THE POSITION 




0. 130 m 
2300. 000 l=:g/m3 
Ex = 167285000000 N/m1 
Ey = 2100000000 N/m• 
Gxy= 325"1-200000 N/m• 
'YX = 0.330 
'YY = 0.001 
n = 1 






Txy[max] : 10799.523 N/m1 
X-Posi hon: 10.000 m 
Y-Position: 7.600 m 
Time poim: 7122 
dTxy : 10000.000 N/m1 
dt : 0.337 s 
STRESS Txy AT THE POSITION 
:rxy(N/MZ) 
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DAO DQNG UON CUA TAM TRQC HUONG HINH CHU NH~T DUOI 
TAC DlJNG CUA NHIEU V~T THE DI DQNG 
Cac t§.m tn,rc huCing du'<;Jc sl1 di,mg nhi@u trong cac nganh xay dvng, d u du<':Jng, 
hang kh6ng va hang hai. Trong bai bao nay trlnh b§.y cac k@t qua nghien citu v@ dao d('mg 
u6n cua t§.m trvc hueing hlnh chli' nhM dueii tac dvng cua nhi@u v~t th@ di di)ng tren t§.m. 
Phuong phap tach du true du<;ic sl1 dvng d@ thi@t l~p cac phuong trlnh mo ta dao di)ng 
u6n cua t§.m trvc hueing hlnh chli' nhM dueii cac vM th@ di di)ng. Sau d6 phuong phap 
Ritz va phuclng phap tfch phan s6 du<;Jc Slt dvng d@ tfnh toan cac dap U'ng di)ng lijc. 
